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It has been shown recently that taking into account strong, weak, electromagnetic, and gravitational interac-
tions, and fulfilling the global charge neutrality of the system, a transition layer will happen between the core and
crust of neutron stars, at the nuclear saturation density. We use relativistic mean field theory together with the
Thomas-Fermi approximation to study the detailed structure of this transition layer and calculate its surface and
Coulomb energy. We find that the surface tension is proportional to a power-law function of the baryon number
density in the core bulk region. We also analyze the influence of the electron component and the gravitational
field on the structure of the transition layer and the value of the surface tension to compare and contrast with
known phenomenological results in nuclear physics. Based on the above results we study the instability against
Bohr-Wheeler surface deformations in the case of neutron stars obeying global charge neutrality. Assuming the
core-crust transition at nuclear density ρcore ≈ 2.7× 1014 g cm−3, we find that the instability sets the upper
limit to the crust density, ρcritcrust ≈ 1.2×1014 g cm−3. This result implies a nonzero lower limit to the maximum
electric field of the core-crust transition surface and makes inaccessible a limit of quasilocal charge neutrality in
the limit ρcrust = ρcore. The general framework presented here can be also applied to study the stability of sharp
phase transitions in hybrid stars as well as in strange stars, both bare and with outer crust. The results of this
work open the way to a more general analysis of the stability of these transition surfaces, accounting for other
effects such as gravitational binding, centrifugal repulsion, magnetic field induced by rotating electric field, and
therefore magnetic dipole-dipole interactions.
PACS numbers: 26.60.-c, 97.60.Jd, 04.20.-q, 04.40.Dg
I. INTRODUCTION
The relativistic mean field theory (RMFT) of nuclear mat-
ter and the Thomas-Fermi model have attracted great attention
during the last few decades. The simplest relativistic model
of nuclear matter that accounts for the saturation properties
of symmetric nuclear matter includes one scalar field which
gives the attractive long-range part of the nuclear force and
one vector field which gives the repulsive short-range; these
two meson fields interact with nucleons through Yukawa cou-
plings. This so-called σ -ω model has been considered by
Duerr [1], Miller and Green [2], and later by Walecka [3]. The
physical understanding of this model has been very well stud-
ied the literature [4–11]. As recognized in Ref. [5], it is nec-
essary to introduce additional isovector fields to obtain agree-
ment with the empirical symmetry energy of nuclear matter at
the saturation density. The model, containing Dirac nucleons
together with a self-interacting scalar σ and a vector meson ω
as well as an isovector meson ρ , has been widely used to this
end.
With a very limited number of parameters, the RMFT has
been shown to be able to give a quantitative description of
a variety of nuclear properties [12–14]. Recently, taking into
account the electromagnetic and weak interactions, the RMFT
with the Thomas-Fermi approximation has gained remarkable
successes in understanding the inhomogeneous structures and
properties of low-density nuclear matter which is realized in
supernovae cores or in the crusts of neutron stars (see, e.g.,
Refs. [15–18]). The surface properties of nuclear matter such
as surface tension and curvature energy play an important role
in the description of these structures and also in other phenom-
ena, for instance saddle-point configurations in nuclear fis-
sion, fragment distributions in heavy-ion collisions, and phase
transition between different phases of nuclear matter.
The nuclear surface properties at saturation density have
been analyzed for a long time in the semi-infinite nuclear
matter model using RMFT [3] or effective field theory [19–
21] with the Thomas-Fermi approximation or Hartree-Fock
approximation [5, 22–30]. In the supranuclear regime real-
ized in the interior of neutron stars, there is the possibility
that phase transition occurs from hadronic to pion and kaon
condensed phase as well as to quark matter phase (see, e.g.,
[31–33]). The surface tension of the transition layer between
the hadronic and kaon condensed or quark matter phases has
been calculated in the semi-infinite matter model, and the sur-
face tension plays an important role in the structure of the
phase transition region [34, 35]. In the low-density (density
smaller than the saturation density) case, as pointed out in
[36], the shape of constituent nuclei is expected to change
from spherical droplet to the so-called nuclear pasta structures
such as cylindrical rod, slab, cylindrical tube, and spherical
bubble. The surface tensions of nuclear pasta structures have
been investigated and it has been pointed out that the pasta
phase strongly depends on the value of the surface tension
[15, 16, 18].
The importance of the extension of the Thomas-Fermi ap-
proximation to general relativistic systems such as neutron
stars was emphasized in Ref. [37]. We showed there that
the traditionally imposed condition of local charge neutrality
is not consistent with the field equations and microphysical
equilibrium for a system of neutrons, protons, and electrons
in β equilibrium and obeying relativistic quantum statistics.
Thus, only the condition of global but not local charge neutral-
ity can be imposed. This leads to the appearance of gravito-
2polarization in the cores of neutron stars. The generalization
of such a work to the case where the strong interactions be-
tween nucleons are accounted for was presented in [38]. Both
the Thomas-Fermi approximation and RMFT were used. It
was shown that the Einstein-Maxwell-Thomas-Fermi (EMTF)
system of equations within RMFT supersede the traditional
Tolman-Oppenheimer-Volkoff (TOV) [39, 40] equations used
for the construction of neutron star configurations.
Realistic neutron star configurations including all the inter-
actions between particles and the presence of a crust below nu-
clear density, were constructed in Ref. [41] by solving numer-
ically the EMTF equations fulfilling the condition of global
charge neutrality. As pointed out in [41], the self-consistent
solution of these new equations of equilibrium leads to the
existence of a transition layer between the core and the crust
of the star. This is markedly different from the neutron star
structure obtained from the solution of the TOV equations im-
posing local charge neutrality (see e.g., [42]), leading to a new
mass-radius (M-R) relation of neutron stars. The core-crust
transition layer in our configurations occurs near the nuclear
saturation density ρnucl . The core (bulk region) inside this
transition layer is a hadronic phase, and the crust outside this
transition is composed of the nuclei lattice and the ocean of
relativistic degenerate electrons and possibly neutrons at den-
sities below nuclear saturation and larger than the estimated
neutron drip value ∼ 4.3× 1011 g cm−3. Inside the transition
region a very strong electric field which is overwhelming the
critical value Ec = m2ec3/(eh¯) for vacuum breakdown is de-
veloped, where me is the electron rest mass. The e+e− pair
creation from vacuum is, however, forbidden in the system
due to the Pauli blocking of degenerate electrons.
In this article we study the surface properties of this tran-
sition layer formed near the nuclear saturation density. We
calculate all the contributions to the surface tension as well
as the electrostatic energy stored in this core-crust layer. We
analyze the stability of these systems under the Bohr-Wheeler
fission mechanism [43]. We analyze the role of the influence
of the gravitational field on the structure of the transition layer
and the surface tension. We also compare and contrast the sur-
face energy of these neutron stars with the phenomenological
results in nuclear physics.
The article is organized as follows. In Sec. II, we present
the general formulation of the surface tension as well as the
Coulomb energy for this core-crust transition layer. We for-
mulate in Sec. II A the relativistic equations for a system of
neutrons, protons, and electrons fulfilling the strong, electro-
magnetic, and gravitational interactions as well as β equilib-
rium. In Sec. II B, we use the semi-infinite matter model [44]
to formulate the equations governing the surface tension for
the transition layer of this system when the electron density
is nearly equal to the proton density in the core bulk region.
In Sec. III, we study the surface tension and the Coulomb
energy, neglecting the presence of the crust and the gravi-
tational interaction. We calculate the surface structure and
solve these equations to obtain the surface tension and the
Coulomb energy at the nuclear saturation density in Sec.III A.
Then we study in Sec. III B the dependence of the surface ten-
sion and the Coulomb energy on the baryon number density.
In Sec. IV, we study the influence of fermion densities in the
outside region (crust) on the surface tension and the Coulomb
energy. In Sec. V, we study the structure and the surface ten-
sion as well as the Coulomb energy for the core-crust tran-
sition region in the presence of the gravitational field. We
finally summarize and conclude in Sec. VI. We use units with
h¯ = c = 1 throughout the article.
II. RELATIVISTIC EQUATIONS OF MOTION AND
SURFACE TENSION
A. Relativistic equations of motion
As described in Ref. [41], the system we consider is com-
posed of degenerate neutrons, protons, and electrons fulfilling
global charge neutrality and β equilibrium. We include the
strong, electromagnetic, weak, and gravitational interactions.
To describe the nuclear interactions, we employ the RMFT
with the Thomas-Fermi approximation. We adopt the phe-
nomenological nuclear model of Boguta and Bodmer [5].
We introduce the nonrotating spherically symmetric space-
time metric
ds2 = eν(r)dt2− eλ (r)dr2− r2dθ 2− r2 sin2 θdϕ2, (1)
where the ν(r) and λ (r) are only functions of the radial coor-
dinate r.
Within the Thomas-Fermi approximation and mean-field
approximation, we can obtain the full system of general rel-
ativistic equations. A detailed description of this model can
be found in Ref. [41]. We are here interested in the core-crust
transition layer, which as we have shown happens in a tiny re-
gion [41] with a characteristic length scale∼ λe = h¯/(mec)∼
100 fm. Correspondingly, the metric functions are essentially
constant in this region. Thus in the core-crust transition layer
the system of equations can be written as
d2V
dr2 +
2
r
dV
dr =−4piee
νcore/2eλcore(np− ne), (2)
d2σ
dr2 +
2
r
dσ
dr = e
λcore [∂σU(σ)+ gsns], (3)
d2ω
dr2 +
2
r
dω
dr =−e
λcore(gωJω0 −m
2
ωω), (4)
d2ρ
dr2 +
2
r
dρ
dr =−e
λcore(gρ Jρ0 −m
2
ρρ), (5)
EFe = e
νcore/2µe− eV = constant, (6)
EFp = e
νcore/2µp + gωω + gρρ + eV = constant, (7)
EFn = eνcore/2µn + gωω− gρρ = constant, (8)
where the notation ω0 ≡ ω , ρ0 ≡ ρ , and A0 ≡ V for the time
components of the meson fields have been introduced. Here
µi =
√
(PFi )2 + m˜2i and ni = (PFi )3/(3pi2) are the free chem-
ical potential and number density of the i-fermion species
with Fermi momentum PFi . The particle effective masses
are m˜N = mN + gsσ and m˜e = me, where mi stands for the
3rest mass of each i-fermion species. eνcore ≡ eν(Rcore) and
eλcore ≡ eλ (Rcore) are the metric functions evaluated at the core
radius Rcore. gs, gω , and gρ are the coupling constants of
the σ , ω and ρ fields, e is the fundamental electric charge,
and mω , and mρ are the masses of ω and ρ . The scalar self-
interaction potential is
U(σ) =
1
2
m2σ σ
2 +
1
3g2σ
3 +
1
4
g3σ4, (9)
with the σ meson mass mσ and the third- and fourth- order
constants of the self-scalar interactions g2 and g3.
The generalized Fermi energies of electrons, protons, and
neutrons, EFe , EFp , and EFn (so-called the Klein potentials
[38]), are linked by the β equilibrium [45] of protons, neu-
trons, and electrons,
EFn = E
F
p +E
F
e . (10)
The scalar density ns is given by the expectation value
ns = 〈ψ¯NψN〉=
2
(2pi)3 ∑i=n,p
∫ PFi
0
d3k m˜N
εi(k)
, (11)
where εi(k) =
√
k2 + m˜2i is the single-particle energy, and ψN
is the nucleon isospin doublet. In the static case, the nonvan-
ishing components of the currents are
Jch0 = e
νcore/2(np− ne), (12)
Jω0 = eνcore/2(nn + np), (13)
Jρ0 = e
νcore/2(np− nn), (14)
here nb = np + nn is the baryon number density.
The parameters of the nuclear model, namely the coupling
constants gs , gω , and gρ , the meson masses mσ , mω , and mρ ,
and the self-scalar interaction constants g2 and g3 are fixed by
fitting nuclear experimental data. We here use the parameters
of the NL3 parametrization [46], shown in Table I.
mσ (MeV) 508.194 gω 12.8680
mω (MeV) 782.501 gρ 4.4740
mρ (MeV) 763.000 g2 (fm−1) −10.4310
gs 10.2170 g3 −28.8850
TABLE I: The parameters of the nuclear model from NL3.
Since the equation of state (EOS) obtained from the RMFT
is very stiff (see, e.g., [42]), it is natural to evaluate its con-
sequences on causality. In order to do this, we compute the
material sound velocity, v2s = dε/dP , as a function of the
central density ρ(0) = ε(0)/c2 of the configuration, where
ε = T 00 and P = −T 11 are total energy-density and pressure
of the system, T 00 and T 11 being the 0–0 and 1–1 components
of the energy-momentum tensor [41].
The result is shown in Fig. 1. We recall that the instabil-
ity against gravitational collapse sets in at the turning point
in the M-ρ(0) diagram, namely at the first maximum in the
sequence of equilibrium configurations with increasing cen-
tral density, namely dM/dρ(0) = 0. Such a point gives us
the maximum stable mass Mmax, which for the present EOS is
Mmax ≈ 2.67 M⊙, where M⊙ is the solar mass. It can be seen
from Fig. 1 that vs < c, where c is the velocity of light, at any
density in the entire range of ρ(0) of the stable configurations,
and therefore the used EOS does not violate causality.
It is important to mention that the above critical point for
the gravitational collapse does not coincide with the point of
backbending of the M-R relation (see, e.g., Figs. 6 and 14 in
[41]). Therefore the backbending in the M-R diagram does
not indicate any sort of instability.
1 2 3 4 5 6 7
ρ(0)/ρnucl
0.0
0.5
1.0
1.5
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2.5
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FIG. 1: The dependence of the total mass M of the star and the mate-
rial sound velocity vs on the central density ρ(0) of the configuration.
B. Surface tension for semi-infinite matter
As shown in [41], in the bulk hadronic phase of neutron star
cores, the charge separation is very small, so the electron den-
sity neb is nearly equal to the proton density npb. In addition,
the core-crust transition layer has a characteristic length scale
of the order of the electron Compton wavelength; this is very
small compared to the radius of neutron stars. So it is a good
approximation to use the semi-infinite matter model to con-
struct the surface tension for the system we consider here. We
construct the surface tension for the transition layer of this
system following the method of Baym, Bethe, and Pethick
(BBP) [44].
In the semi-infinite matter model, one assumes a plane sur-
face with small thickness compared with the bulk region size
separating two semi-infinite regions, represented here by the
inside core bulk and the outside crust. The number den-
sity of the i-fermion species (i = n, p,e) ni(r) approaches
the bulk density of the i-fermion species nib as the position
r¯ ≡ (r−Rcore)→−∞, and approaches the density in the out-
side region of the i-fermion species nio as the r¯ → +∞. To
construct the surface tension, one imagines a reference system
with a sharp surface at r¯ = ai at which fermion densities and
4meson fields fall discontinuously from the core bulk region to
the outside crust region. Following Ref. [44], the location of
the reference surface for the i-fermion species is defined by
the condition that the reference system has the same number
of the i-fermion species as the original system. Following the
definition of fermion number in the curved spacetime, Eq. (1)
(see, e.g., [47]), the i-fermion species number Ni is given by
Ni = 4pi
∫
eλ/2r2ni(r)dr. (15)
Since the metric functions are constant in the surface region
we consider as described in Sec. II A, and the size of the sur-
face region is very small compared to the radius of neutron
stars, we can treat eλ/2r2 as a constant in the integral, the
location of the reference surface for the i-fermion species is
given by
∫ ai
−∞
dr¯[ni(r¯)− nib]+
∫
∞
ai
dr[ni(r¯)− nio] = 0, i = n, p,e.
(16)
Applying the definition of the reference surface in Eq. (16) to
the neutron, proton, and electron distributions yields slightly
different reference surfaces.
Similar to the definition of the reference surface for the
fermion, we define the location of the reference surfaces for
meson fields by
∫ ai
−∞
dr¯[Fi(r¯)−Fib]+
∫
∞
ai
dr¯[Fi(r¯)−Fio] = 0, i = σ ,ω ,ρ ,
(17)
where Fi(~r) is the time component of the i-meson field, Fib is
the time component of the i-meson field in the bulk region, and
Fio is the time component of the i-meson field in the outside
region.
The energy associated to the density ε(r) = T 00 , where T αβ is
the energy-momentum tensor of the system, can be calculated
in the spherically symmetric metric by (see, e.g., [47])
Et = 4pi
∫
e(ν+λ )/2r2ε(r)dr. (18)
Thus, the total surface tension can be written as the sum of
three contributions,
σt = σN +σe +σC, (19)
where we have introduced the nuclear surface tension follow-
ing the method of BBP [44],
σN = ∑
i=n,p,σ ,ω,ρ
e(νcore+λcore)/2
{∫ ai
−∞
[εi(r¯)− εib]dr¯
+
∫
∞
ai
[εi(r¯)− εio]dr¯
}
, (20)
the electron surface tension
σe = e
(νcore+λcore)/2
{∫ ae
−∞
[εe(r¯)− εeb]dr¯
+
∫
∞
ae
[εe(r¯)− εeo]dr¯
}
, (21)
and the surface tension for the electric field as
σC = e
(νcore+λcore)/2
∫
∞
−∞
εE(r¯)dr¯. (22)
with εi(r¯) the energy density of the i species of fermion or me-
son fields, εib is the energy density of the i species of fermion
or meson fields in the bulk region, εio is the energy density of
the i species of fermion or meson fields in the outside region,
and εE(r¯) = E2/(8pi) is the electrostatic energy density. In
the curved spacetime equation (1), the electric field is given
by (see, e.g., [41])
E = e−(λcore+νcore)/2
dV
dr . (23)
It is important to clarify how the values of nio and εio are
obtained. As we showed in Ref. [41], the Einstein-Maxwell-
Thomas-Fermi equations have to be solved under the con-
straint of global charge neutrality and not local charge neu-
trality, as in the traditional TOV-like treatment. In the latter
locally neutral configurations, the continuity of total pressure
leads to neutron stars with a crust starting from nuclear den-
sity, where the clusterization of nucleons starts to be preferred
over the homogenous phase of the core, all the way up to low
densities in the surface. The region between nuclear density
and the neutron-drip density, ρdrip ≈ 4.3× 1011 g cm−3, is
called the inner crust, and at lower densities, ρ < ρdrip, the
outer crust. In this case the continuity of the pressure does
not ensure the continuity of the particle generalized chemical
potentials. For electrons it implies an inconsistency since the
mismatching of the electrochemical potential implies the ex-
istence of a Coulomb potential energy, not accounted for in
such a treatment (see, e.g., Ref. [37]).
In the globally neutral case, there is a different core-crust
boundary problem: the generalized fermion chemical poten-
tials have to match, at the end of the core-crust transition
boundary layer, their corresponding values at the base of the
crust (outside region); i.e., they must satisfy a condition of
continuity (see Ref. [41] for details). It implies that the values
of nio and εio depend on the density at the base of the crust
under consideration.
We first consider below in Section III the surface tension
of the system neglecting the presence of the crust. Then, the
more realistic case of a neutron star with a crust is considered
in Section IV. Configurations with only outer crust as well as
configurations with both inner and outer crust are studied.
Turning to the Coulomb energy, it is important to remark
that, owing to the small charge separation present in the sys-
tem in the core bulk region, we can assume that the electric
field only exists in the transition layer surface. Thus we can
consider the electrostatic energy as a surface property of the
system, hence contributing to the surface energy. This is a
major difference between the present system and an ordinary
nucleus where the electrostatic energy is a volume property.
The relation between the surface energy and Coulomb en-
ergy is very important for a nucleus. As shown by Bohr and
Wheeler [43] when the condition
Ecoul > 2Esur (24)
5is satisfied, the nucleus becomes unstable against nuclear fis-
sion; here Ecoul is the Coulomb energy of the nucleus and Esur
is the surface energy of the nucleus. It is important to re-
call that the idealized picture of the deformed nucleus of Bohr
and Wheeler is represented by two positively charged spheres
joined by a nuclear attraction neck. It is thus the interplay
of the Coulomb and nuclear surface energies that determines
the lower energy state. Following this argument one could
think that, since we are treating here a globally neutral sys-
tem, such an instability mechanism is absent. However, the
condition (24) can be also obtained by requesting that a uni-
formly charged spheroid, constructed from an axially sym-
metric deformation at constant volume of a uniformly charged
sphere, be energetically favorable. From a careful look at
the derivation of Eq. (24)–see, e.g., Ref.[48]–it can be seen
that this result follows from the fact that Coulomb energy of
the unperturbed system (the sphere) depends on the radius as
Ecoul ∝ R−1. Such an inverse radius dependence holds also in
the case of a uniformly charged shell, and also in the case of
the globally neutral massive nuclear density cores studied in
Refs. [49, 50], which fully reflect the properties of the system
studied in this work. We then expect that the Bohr-Wheeler
condition of instability against fission given by Eq. (24) ap-
plies also to our system. Clearly such a condition is obtained
keeping the system at nuclear density and neglecting the the
extra binding effect of gravity.
In thermodynamics, the surface tension is related to the me-
chanical work needed to increase a surface area [51],
dW = σdS, (25)
here σ is the surface tension, dS is the variation of the surface
area, and dW is the mechanical work needed to increase the
surface area of the system. In this point of view, a system
with a positive surface tension has an attractive nature, and a
system with a negative surface tension has a repulsive nature.
Equations (19)-(22) show that the surface tension mainly
depends on the fermion density and meson field profiles and
the energy densities of fermions and meson fields. The energy
density of the i-fermion species is given by
εi(r¯) =
1
8pi2
{
PFi
√
(PFi )2 + m˜2i [2(P
F
i )
2 + m˜2i ]
−m˜4 ln
PFi +
√
(PFi )2 + m˜2i
m˜i
}
, (26)
and the energy densities of the meson fields are (see, e.g., [47])
εσ (r¯) =
1
2
e−λcore
(
dσ
dr¯
)2
+U(σ), (27)
εω(r¯) =
1
2
e−(λcore+νcore)
(
dω
dr¯
)2
+
1
2
e−νcore m2ωω
2, (28)
ερ (r¯) =
1
2 e
−(λcore+νcore)
(
dρ
dr¯
)2
+
1
2e
−νcore m2ρ ρ2, (29)
εE(r¯) = e
−(λcore+νcore) 1
8pi
(
dV
dr¯
)2
. (30)
We can solve Eqs. (2)-(8) together with the β equilibrium
(10) to obtain the fermion density and meson field profiles.
Following the similar method in Ref. [41], this system of
equations can be numerically solved with appropriate condi-
tions and approximations:
• set a value for baryon number density of the bulk region
nbb = nnb + npb;
• in the bulk core region the electron density neb is nearly
equal to the proton density npb, i.e. npb ≃ neb;
• set values for eνcore and e−λcore ;
• the values of nio have to match their corresponding val-
ues at the edge of the crust.
III. SURFACE TENSION NEGLECTING THE PRESENCE
OF A CRUST
A. Surface tension at nuclear saturation density
We first consider in this section the surface properties of this
transition layer neglecting the presence of the crust and the
gravitational interaction, i.e., nio = 0 and (eνcore ,e−λcore)→ 1,
as a special case to gain some physical insight into this tran-
sition layer. Also we assume here the baryon number den-
sity of the bulk region to be the nuclear saturation density,
nbb = nnb+npb = nnucl = 0.16 fm−3. The solution of Eqs. (2)-
(8) in this case is shown in Fig. 2. Since the fermion densities
tend to be zero in the outside region, the thickness of the sur-
face region for electrons should be infinite. However, we just
show the results up to a very small electron density here, due
to the plot scale and the accuracy of the numerical calculation.
As shown in Fig. 2, before a sharp decrease of the proton and
neutron densities, there is a bump on the proton density profile
due to Coulomb repulsion while the electron density profile
decreases.
Using the definitions in Eqs. (19)-(22), we can calculate
the surface tensions for this transition layer. The results are
shown in Table II. In order to study the effect of the ρ me-
son, we also show in Table II the surface tensions in the case
when the ρ meson is not present. The presence of ρ decreases
the total surface tension σt but increases the Coulomb energy,
and so σC. We can see that the difference of the surface ten-
sion for nucleons, σN , in the presence and absence of the ρ
meson is relatively small with respect to the changes on the
electron component and the electric field. We can explain this
small difference from the fact that, although the ρ meson in-
creases the proton to neutron density ratio, in neutron stars the
β equilibrium in the presence of degenerate electrons leads to
a high isospin asymmetry 1− 2Z/A≈ 1, hence the system is
still dominated by the neutron component, as we show below.
It is interesting to compare the above results with the nu-
clear surface tension in the literature. The nuclear surface
properties at saturation density have been widely discussed
in relativistic and nonrelativistic models. The value of the nu-
clear surface tension in the literature is around σL ∼ 1 MeV
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FIG. 2: (Color online) (a) Fermion density profiles in units of fm−3.
(b) Electric field in units of the critical field Ec = m2ec3/(eh¯). (c)
Meson fields σ , ω , and ρ in units of MeV. Here nbb = nnucl , nio = 0,
and (eνcore ,e−λcore )→ 1. λσ = h¯/(mσ c) ∼ 0.4 fm is the Compton
wavelength of the σ meson.
σt σN σe σC
σ ω 6.28 7.07 −1.72 0.92
σ ω ρ 3.10 7.30 −8.34 4.14
TABLE II: Total and specific surface tensions in MeV fm−2 of the
transition layer with and without the presence of the ρ meson. We
set here nbb = nnucl , nio = 0, and (eνcore ,e−λcore )→ 1.
fm−2; see, e.g., Refs. [27, 28]. The difference between our
result in Table II and σL is mainly due to the fact that the pres-
ence of degenerate electrons changes the proton and neutron
density profiles and also leads to a high isospin asymmetry of
our system as a byproduct of the β -equilibrium condition. Es-
pecially, there is a bump on the density profiles in our system,
which would not appear in the case of normal nuclear matter.
Further discussions about this point is given below; see also
Table III.
In order to understand where the surface tension comes
from, we calculate the contribution of each fermion and me-
son field to the surface tension as
σn =
∫ an
−∞
[εn(z)− εnb]dz+
∫
∞
an
[εn(z)− εno]dz, (31)
σp =
∫ ap
−∞
[εp(z)− εpb]dz+
∫
∞
ap
[εp(z)− εpo]dz, (32)
σe =
∫ ae
−∞
[εe(z)− εeb]dz+
∫
∞
ae
[εe(z)− εeo]dz, (33)
σσ =
∫ aσ
−∞
[εσ (z)− εσb]dz+
∫
∞
aσ
[εσ (z)− εσo]dz, (34)
σω =
∫ aω
−∞
[εω (z)− εωb]dz+
∫
∞
aω
[εω(z)− εωo]dz, (35)
σρ =
∫ aρ
−∞
[ερ(z)− ερb]dz+
∫
∞
aρ
[ερ(z)− ερo]dz. (36)
The results are shown in Table III. For the sake of comparison
we also show the results in the case of ordinary nuclear mat-
ter, namely for a system without the presence of electrons. As
shown in Ref. [41], comparing to the profiles in the case with-
out the presence of the ρ meson, the presence of the ρ meson
leads to larger proton and electron densities, and a larger bump
of proton density happens. This effect is felt indirectly by neu-
trons (although much less strongly), due to the coupled nature
of the system of equations (2)-(8). There is no such bump
of the profiles in the case of normal nuclear matter. Compar-
ing the results of the three cases in Table III, the effect of the
bump of proton density on the surface tension is significant.
The bump on the profiles decreases the value of the surface
tension for fermions and increases the one for bosons. These
results provide evidence of large effect of electromagnetic in-
teraction and electrons on the proton and neutron density pro-
files, and therefore on the global value of the surface energy of
the system. It can be seen from Table III that we obtain a sur-
face tension of ordinary nuclear matter at saturation density
(see the last line), σN ≈ 1.7 MeV fm−2. In our calculation, nn
is slightly larger than np according to the β equilibrium. This
result is in agreement with the nuclear surface tension with a
small neutron excess, e.g., in Ref. [27].
σn σp σe σσ σω σρ
n p e σ ω 3.54 −0.36 −1.72 3.16 0.73
n p e σ ω ρ −27.35 −5.19 −8.34 22.20 19.93 −2.28
n p σ ω ρ 19.43 12.23 −16.08 −13.83 −0.04
TABLE III: Contribution of each fermion and meson field to the sur-
face tension, in MeV fm−2. First row: the transition layer with-
out the presence of the ρ meson. Second row: the transition layer
with the presence of the ρ meson. Third row: normal nuclear matter
(without the presence of electrons). We set nbb = nnucl , nio = 0, and
(eνcore ,e−λcore)→ 1.
B. Influence of baryon number density on the surface tension
In order to study the dependence of the surface tension on
the baryon number density, we calculate the surface tensions
for different nbb following the similar procedure in Sec. III A.
The results are shown in Fig. 3. Here the presence of the crust
and the gravitational interaction is neglected, i.e., nio = 0 and
(eνcore ,e−λcore)→ 1. From the results, the total surface tension
can be fitted by
σt, f it = 1.05+ 2.02
(
nbb
nnucl
)3.33 (
MeVfm−2
)
, (37)
7the surface tension for the electric field can be fitted by
σC, f it =−0.37+ 4.50
(
nbb
nnucl
)2 (
MeVfm−2
)
, (38)
and the surface tension for nucleons can be fitted by
σN, f it = 0.95+ 6.33
(
nbb
nnucl
)2.91 (
MeVfm−2
)
. (39)
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FIG. 3: (Color online) The dependence of the surface tension of the
transition layer on the baryon number density in the bulk region.
Here nio = 0 and (eνcore ,e−λcore )→ 1. (a) The total surface tension
σt , compared with the fit given in Eq. (37). (b) Surface tension for
the electric field σC, compared with the fit given in Eq. (38). (c)
Surface tension for nucleons σN , compared with the fit given in Eq.
(39). (d) Ratio of the surface tension for nucleons and the surface
tension for the electric field σN/σC .
As shown by BBP in [44], the phenomenological surface
tension for nucleons within the Thomas-Fermi approximation
can be written as
σBBPsur = B(Wo−Wi)
1
2 (ni− no)
3
2 , (40)
where B is a constant, Wo and Wi are the binding energies per
nucleon in the outside and inside bulk regions, no and ni are
the nucleon number densities in the outside and inside bulk
regions. In the case of this section, we set the fermion den-
sities and meson fields to be zero in the outside region, i.e.,
no =Wo = 0. Since the fractional concentration of protons in
the system we consider here is small, the binding energy per
nucleon is [44]
W (k,x) = W (k,0)+ f (x)
≈ 19.74k2− k3 40.4− 1.088k
3
1+ 2.545k + f (x), (41)
where k is defined by n = 2k3/(3pi2), with n the nucleon num-
ber density, and x is the fractional concentration of protons.
The function f (x) is a small correction to W (k,0) since x is
small in our system. From Eq. (41), one can estimate that the
leading term in the binding energy Wi is the kinetic term, pro-
portional to k2, i.e., Wi ∝ k2 ∝ n2/3bb . Thus one can estimate
that σBBPsur ∝ n
11/6
bb in the BBP phenomenological result [44],
where the effect of electromagnetic interaction on the profile
of fermion density is neglected. This BBP phenomenological
result is different from our result in Eq. (39). This is due to
the fact that the electromagnetic interaction and the presence
of electrons change the proton and neutron density profiles.
For σC, as shown in Eq. (38) the surface tension for the
electric field is proportional to the square of the baryon num-
ber density. This result can be understood as follows. The
Thomas-Fermi equilibrium condition for electrons given by
Eq. (6) tells us that the Coulomb potential in the bulk core
is proportional to the bulk electron chemical potential, so
Vb ∝ µeb, and since the electrons are ultrarelativistic at these
densities we have Vb ∝ PFeb ∝ n
1/3
eb . The thickness of the layer
is of order ∆r ∼ n−1/3eb and so the electric field scales as
E ∼ −∆V/∆r ∼ Vb/∆r ∝ n2/3eb . Thus the contribution of the
Coulomb energy to the surface tension satisfies σC ∝ E2∆r ∝
neb and since in the bulk core we have neb ≃ npb we obtain
σC ∝ neb = ynbb, where y = npb/nbb is the proton fraction
in the bulk region. In neutron stars the β equilibrium be-
tween neutrons, protons, and electrons leads to a highly nu-
clear isospin asymmetry (y ≪ 1), and since the nucleons are
approximately nonrelativistic and the electrons ultrarelativis-
tic around nuclear saturation density, it can be estimated from
Eq. (10) that the proton fraction is proportional to the baryon
density, i.e., y ∝ nbb, and therefore we finally obtain our final
result σC ∝ n2bb.
In Fig. 3 we show also the nuclear-to-Coulomb surface ten-
sion ratio σN/σC. We find that this ratio is larger than unity
for all baryon number densities we considered. This would
in principle imply that the system is stable with respect to
the Bohr-Wheeler condition (24) as we have previously dis-
cussed.
It is also worth mentioning that the result that σN/σC > 1
for every nucleon density in our system can be explained as
the result of the penetration of the relativistic electrons into
the nucleus (see Refs. [49, 50] for details). This is allowed for
configurations with sufficiently large sizes r0A1/3 > h¯/(mec)
or mass numbers A > h¯3/(r0mec)3 ∼ 107, where r0 ≈ 1.2 fm.
For systems with much larger mass numbers such as neutron
stars, ANS ∼ 1057, the penetration of electrons is such that they
nearly neutralize the system and the electric field becomes ap-
preciable only near the core surface [49, 50].
However, the transition layer could be unbound if the grav-
itational binding energy of the shell to the core is smaller
8than its electrostatic energy. An approximate computation
of the stability of the transition layer in the above sense can
be found in Ref. [49], where it was shown within Newtonian
gravity that the layer is gravitational bound provided the sys-
tem has a number of baryons A& 0.004(Z/A)1/2(mPl/mN)3 ∼
1055(Z/A)1/2 or a mass M = mNA & 0.01(Z/A)1/2M⊙, where
mN and mPl = (h¯c/G)1/2 are the nucleon and Planck masses.
It is clear that this stability requirement implies a lower limit
for our globally neutral neutron stars. It would be interesting
to perform a detailed calculation taking into account the ef-
fects of general relativity as well as of the magnetic field on
the transition surface induced by rotation (see Ref. [52]) and
the centrifugal potential acting on the shell. However, such
calculation is out of the scope of this work and will be pre-
sented elsewhere.
IV. SURFACE TENSION IN PRESENCE OF THE CRUST
It was shown in Ref. [41] that the properties of the core-
crust transition boundary layer depend on the nuclear parame-
ters, especially on the nuclear surface tension, and on the den-
sity at the crust edge. The crust is composed of a nuclei lattice
in a background of degenerate electrons, whose density at the
edge of the crust is denoted here as ncruste . There are in addi-
tion free neutrons in the crust when the density of the crust,
ρcrust , is higher than the neutron-drip value ρdrip ∼ 4.3×1011
g cm−3 [44]. So when the density of the crust ρcrust is smaller
than the neutron-drip value, i.e., ρcrust < ρdrip, we set the
proton and neutron densities to zero in the outside region
while the electron density must match the value ncruste , i.e.,
neo = n
crust
e . In the cases when ρcrust > ρdrip both neutrons
and electrons have to match their corresponding crust values
at the end of the core-crust transition layer, i.e., neo = ncruste
and nno = ncrustn , ncrustn being the neutron density at the crust
edge.
As shown by BBP [44] there is no proton-drip at any den-
sity of interest in these systems and therefore we keep zero as
the outside proton density value. In order to set the matching
density values for electrons and neutrons we use the relation of
the free neutron and electron densities in Section 6 of the work
by BBP [44]. At the neutron-drip point the electron Fermi mo-
mentum is around PFeo ≈ 26 MeV or PFeo/PFeb ≈ 0.18, where PFeo
is the electron Fermi momentum in the outside region and PFeb
is the electron Fermi momentum in the bulk region.
The results of the dependence of the surface tension on
the outside electron densities and the density of the crust are
shown in Fig. 4. Here we also neglect the presence of the
gravitational interaction, i.e., (eνcore ,e−λcore)→ 1.
The results of Fig. 4 show that the Bohr-Wheeler condition
(24) for the instability is reached at a crust density ρcritcrust ∼
1.2× 1014 g cm−3, so the system becomes unstable against
fission when ρcrust > ρcritcrust , imposing a physical upper limit
to the density at the edge of the crust. It becomes interesting
to include the binding effect of gravity and any other attractive
contribution that strengthens the stability of the system, which
will be analyzed elsewhere. It is interesting that this upper
limit on the crust density implies a lower limit to the maxi-
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FIG. 4: (Color online) Dependence of the surface tension of the tran-
sition layer on the fermion densities in the outside region and the
density of the crust. Here nbb = nnucl and (eνcore ,e−λcore )→ 1. (a)
Surface tension for the electric field, σC. (b) The total surface ten-
sion σt . (c) The surface tension for nucleons, σN . (d) Ratio of the
surface tension for nucleons and the surface tension for the electric
field, σN/σC , with respect to the density of the crust ρcrust . The neu-
tron drip point ρdrip ∼ 4.3×1011 g cm−3 is around PFeo/PFeb ≈ 0.18.
mum electric field in the core-crust transition region, limiting
at the same time to approaching a state of quasilocal charge
neutrality of the neutron star.
As shown in Fig. 4, the surface tension for the electric field
decreases as increasing the electron number density in the out-
side region. The reason is that the increasing electron num-
ber density in the outside region [41] causes a decrease of the
thickness of the interface and of the proton and electron den-
sity difference; i.e., the surface charge density decreases.
It is shown in Fig. 4 that the dependence of the surface ten-
sion for nucleons, σN , on the electron number density in the
outside region is weak before the neutron drip point. The in-
fluence of electron density in the outside region on the sur-
face structure of nucleons is small in this case. After the neu-
tron drip point, the free neutrons in the outside region lower
the surface tension significantly, as expected in the BBP phe-
nomenological result [44]. In addition, as shown in Fig. 4,
the total surface tension σt first increases and then decreases
with increasing fermion densities in the outside region. This
is due to the combination of the following two effects. (I) as
shown in Table III, the contribution of electrons to the total
surface tension is negative. For increasing electron density in
the outside region, the effect of electrons on the surface ten-
sion becomes weaker. This increases the total surface tension.
9(II) After the neutron drip point, the surface tension for nu-
cleons σN is lowered significantly by the free neutrons in the
outside region.
V. EFFECTS OF THE GRAVITATIONAL INTERACTION
ON THE SURFACE TENSION
We turn now to analyze the effects of the inclusion of the
gravitational field on the surface tension of this transition
layer. For the sake of simplicity, we make this analysis in
the simplest case without a crust, considered in Section III.
As shown in Ref. [41], at the core radius (in this case the
surface) of the neutron star, the metric functions are approxi-
mately the same as the Schwarzschild solution, so at the bor-
der of the star we have
eνcore ≈ e−λcore = 1− 2GM(Rcore)
Rcore
, (42)
with M(Rcore) the mass of the star. The results of the solu-
tion of Eqs. (2)-(8) are shown in Fig. 5 for the case eλcore ≈
e−νcore = 1.5.
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FIG. 5: (Color online) (a) Fermion density profiles in units of fm−3.
(b) Electric field in units of the critical field Ec. (c) Meson fields
σ , ω , and ρ in units of MeV. Here we set eλcore ≈ e−νcore = 1.5,
nbb = nnucl , and nio = 0.
Comparing to the results shown in Fig. 2, the fermion den-
sity and meson field profiles are similar to their counterparts
in the case without the gravitational field. In Fig. 5 we see a
larger proton density, a smaller neutron density, and a smaller
size of the core-crust transition layer leading to a larger maxi-
mum of the electric field, comparing to Fig. 2.
Figure 6 shows the results of the dependence of the surface
tension on the value of metric eλcore . As shown in Fig. 6, the
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FIG. 6: (Color online) The dependence of the surface tension of the
transition layer on the value of metric eλcore . (a) The total surface
tension σt . (b) Surface tension for nucleons, σN . (c) Surface tension
for the electric field, σC. (d) Ratio of the surface tension for nucleons
and the surface tension for the electric field, σN/σC. We set here
nbb = nnucl and nio = 0.
total surface tension and the surface tension for nucleons in-
crease as increasing the value of the metric eλcore . There are
two effects which influence the characters of the total surface
tension and the surface tension for nucleons. First, as we have
seen the presence of gravitational field changes the fermion
density and meson field profiles. Second, the difference be-
tween the proton density and the neutron density becomes
smaller when the value of the metric eλcore increases, lower-
ing the isospin asymmetry of the system. The combination of
these two effects leads to the characters of the total surface
tension and the surface tension for nucleons shown in Fig. 6.
In addition, as shown in Fig. 6, the change of the value of the
surface tension for the electric field when increasing the value
of eλcore is small. That is due to the balance of the following
two effects: (I) the electric field in the surface region becomes
larger (see Fig. 5); (II) the thickness of the surface becomes
smaller, and then the Coulomb energy distributes in a smaller
region. It can be also checked from Fig. 5 how in the limit
eλcore → 1 all quantities tend to the values found in Sec. III in
the flat case.
VI. SUMMARY AND DISCUSSION
Taking into account strong, weak, electromagnetic, and
gravitational interactions, and fulfilling the global charge neu-
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trality of the system, a transition layer will happen between
the core and crust of neutron stars [41]. This is different
from the results from traditional TOV equations imposing lo-
cal charge neutrality. This core-crust transition layer happens
at the saturation density of nuclear matter. In this article, us-
ing RMFT together with the Thomas-Fermi approximation,
we study the surface properties of this transition layer. In par-
ticular, we computed the surface tension and Coulomb energy
of the transition shell and analyzed the role of each fermion
component and meson fields in the determination of the prop-
erties of this core-crust transition layer.
Since the length scale of the core-crust transition layer
(∼ λe) is much smaller than the radius of neutron stars and
the electron density is nearly equal to the proton density in
the bulk hadronic phase of neutron star cores, we applied the
semi-infinite matter model as an approximation to construct
the surface tension for this core-crust transition layer, follow-
ing the method of BBP in Ref. [44]. We first presented the
studies of this transition layer neglecting the presence of the
gravitational interaction. We calculated the surface tension
and the Coulomb energy for the transition layer of this system
for different baryon number densities near the nuclear satura-
tion density. The results show that the total surface tension as
well as the surface tension for the electric field and the sur-
face tension for nucleons are proportional to some power-law
function of the baryon number density in the bulk region; see
Eqs. (37)-(39). The difference between the surface energy of
this neutron star matter and the phenomenological results [44]
in nuclear physics has been analyzed. We also studied the
surface structure for different fermion densities in the outside
region, namely for different densities of the neutron star crust.
We also presented the analysis of the influence the gravi-
tational field and on the structure of the transition layer and
the surface tension. The results show that the fermion den-
sity and meson field profiles are similar to the case without
the presence of gravitational field, although some quantitative
differences appear. We show that the total surface tension and
the surface tension for nucleons increase with increasing value
of the metric function eλcore .
We studied the instability against Bohr-Wheeler surface de-
formation for all the systems. We find that the instability sets
in at a critical density of the crust ρcritcrust ∼ 1.2× 1014 g cm−3.
This implies a lower limit to the maximum electric field of the
core-crust transition region and makes inaccessible a state of
quasilocal charge neutrality for the neutron star, which will in
principle be reached when the limit ρcrust = ρcore ≈ ρnucl is
approached.
The results of this work open the way to more general stud-
ies relevant for the analysis of the stability of neutron stars and
the core-crust transition surface. Some of the effects that need
to be addressed for the stability of the shell include gravita-
tional binding, centrifugal repulsion, magnetic field induced
by rotating electric field and hence magnetic dipole-dipole in-
teractions. It would be interesting to perform a similar analy-
sis for the case of strange stars both bare and in the presence
of an outer crust.
It is also important to mention that surface effects and
boundary layers are contained in the widely discussed nuclear
pasta phases (see, e.g., Refs. [15–18], and references therein)
expected in the low-density nuclear matter composing the in-
ner crust of neutron stars. Those configurations also fulfill
the condition of global charge neutrality. However, in there
the condition of global charge neutrality is only imposed in
the pasta phase while keeping the condition of local charge
neutrality in the rest of the configuration, e.g., in the core of
the neutron star. In contrast, in our model, the global charge
neutrality is fulfilled in the whole configuration, which leads
to the phenomenon of gravito-polarization in the core of the
neutron star. Along this line, it would be interesting to study
the differences of these two scenarios and to establish which
is the configuration of minimum energy and therefore realized
in nature. This is a very interesting question which deserves a
detailed and deep analysis; however, it is out of the scope of
the present work and we therefore leave it for a future publi-
cation.
To end, it is interesting to briefly discuss some of the ob-
servables which could shed light into the structure of the neu-
tron star and therefore to probe the underlying theory.
On one hand, there might be some effects coming from the
microscopic structure. One possibility could be some elec-
tromagnetic processes due to the strong electric field in the
core-crust interface, such as the annihilation line of e−e+ to
two photons. These e−e+ pairs can be produced by neutron
star perturbations. However, this effect could be difficult to
observe with the current instrumentation; we are planning to
analyze in detail this interesting problem elsewhere.
On the other hand, as we have pointed out, from the macro-
scopic structure point of view the new structure of the neu-
tron star leads to different radii due to the different size of
the crust. This necessarily leads to the possibility of probing
the theory of neutron stars and in particular the physics of the
core-crust transition from reliable observations of their masses
and radii. Such measurements can come for instance from ob-
servations of the thermal evolution of accreting and isolated
neutron stars. In particular, observations of the cooling of the
neutron star during its thermal relaxation phase (t . 50 yr after
birth), where the core and the crust are thermally decoupled,
carry crucial information on the core-crust transition density
and therefore on the crust mass and size [53].
If we move on to the last stages of the life of a neutron star,
it is clear that the electromagnetic structure of the neutron star
is particularly relevant for the process of its gravitational col-
lapse. A core endowed with electromagnetic structure leads
to signatures and energetics markedly different from the ones
of a core endowed uniquely of gravitational interactions a` la
Oppenheimer and Snyder [54]; see, e.g., Refs. [55–58]. As
pointed out recently [59, 60], in these cores there are elec-
tric processes that might lead to a vast e−e+ production in the
process of collapse to a black hole.
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